Abstract. The applications of q-calculus in the approximation theory is a very interesting area of research in the recent years, several new q-operators were introduced and their behaviour were discussed by many researchers. This paper is the extension of the paper [15] , in which Durrmeyer type generalization of q-Baskakov-Stancu type operators were discussed by using the concept of q-integral operators. Here, we propose to study the Stancu variant of q-Baskakov-Stancu type operators. We establish an estimate for the rate of convergence in terms of modulus of continuity and weighted approximation properties of these operators.
Introduction
In the year 1987, first q-analogue of classical Bernstein polynomials was given by A. Lupas [16] . In this context, Phillips [18] gave most important q-analogue of Bernstein polynomials and Gupta et al. [14] established the generating function of some q-basis functions.
Since we know that in approximation theory, the study of convergence of an operator is one of the important result, so a lot of contribution in this direction was given by [5] , [4] , [3] etc. For convergence of q-discrete operators DogruGupta [10] , [11] established some results based on q integers for BleimanButzer-Hahn and Meyer-Konig-Zeller operators, respectively. Recently AralGupta-Agrawal [2] published an important book mentioning applications of q-calculus in operator theory. Also in the recent year, Maheshwari-Sharma [17] studied some approximation properties on q-integral type operators. Some estimates and important facts of approximation theory can be found in the recent book of Gupta-Agrawal [13] .
In 
Wang [19] also studied some approximation properties of these operators by using iterative combination. In the year 2010, Buyukyazici-Atakut [7] , [6] , [8] As a special case for α " β " 0 and q " 1, the above operators reduce to the operators defined in (1.1) and for α " β " 0, these operators become the operators studied in [15] . Aral, Gupta and Agrawal [2] have given many applications of q-calculus and important results in their book, here we use the notations of q-calculus as discussed in their book. Some notations of q-calculus, which will be very useful for finding the results of this paper, are described below.
p1`xq n q :"
rns q ! and rns q denote the q-factorial and q-integer, respectively and are defined as
q analogue of exponential function is defined as
In the present paper, we study a local approximation theorem and the rate of convergence for the operators (1.2) and also their weighted approximation properties.
Moments and convergence
This section deals with moments and convergence estimates.
Lemma 1. ([15])
For the operators defined by p1.2q in case α " β " 0, the following equalities hold for 0 ă q ă 1
Lemma 2. If 0 ă q ă 1 and 0 ≤ α ≤ β, then for p1.2q, we have
Proof. From Lemma 1, it is obvious that
rns q x rns q`β`α rns q`β " rns q x`α rns q`β .
Finally, we have
" rns 2 q pqrns q x 2`x q`xq 2`x2 q`2rns q αqrns q x`α 2 rnsprns q`β q 2 rns" x 2 prns 2`rns`xprns2`r ns`2αqrns`α 2 q prns q`β q 2 q .
Lemma 3. For x P r0, 8q and q P p0, 1q, the central moments are given as
rns2`r ns`2αqrns q prns q`β q 2 q´2 α rns q`β `α 2 prns q`β q 2 .
Proof.
x 2 prns 2`rns`xprns2`r ns`2αqrns`α 2 q prns q`β q 2 q 2x rns q x`α rns q`β`x 2 " x 2 « rns 2`rns q prns q`β q 2 q´2
rns2`r ns`2αqrns q prns q`β q 2 q´2 α rns q`β `α 2 prns q`β q 2 . Definition 1. By C B r0, 8q, we mean the space of real valued continuous bounded function f on the interval r0, 8q, the norm }.} on the space C B r0, 8q is given by }f } " sup 0≤xă8 |f pxq|.
8 u, where W 2 8 " tg P C B r0, 8q : g 1 , g 2 P C B r0, 8qu. According to [9] , there exists a positive constant C ą 0 such that K 2 pf, δq ≤ Cω 2 pf, δ 1{2 q, δ ą 0, where the second order modulus of smoothness is given by
|f px`2hq´2f px`hq`f pxq|.
Also for f P C B r0, 8q, the usual modulus of continuity is given by ωpf, δq " sup 0ăh≤δ sup 0≤xă8 |f px`hq´f pxq|.
Our first main result is in terms of modulus of continuity, which is given as Theorem 1. Let f P C B r0, 8q and 0 ă q ă 1, then for all x P r0, 8q and n P N, there exists an absolute constant C ą 0 such that |D q n,α,β pf, xq´f pxq| ≤ Cω 2 pf, δ n pxqq`ωˆf, α´βx rns q`β˙, where δ 2 n pxq "
Proof. We introduce the auxiliary operators D q n,α,β defined by
x P r0, 8q. The operators D q n,α,β pf, xq are linear and hence follows the linearity condition
pt´uq h 2 puq du, t P r0, 8q
and by (2.2), we get
Hence, by (2.1) we can get
And by (2.1), we can get Now taking the infimum on the right hand side over all h P W 2 , we get |D q n,α,β pf, xq´f pxq| ≤ CK 2`f , δ 2 n pxq˘`ωˆf, α´βx rns q`β˙. Using the property of K-functional |D q n,α,β pf, xq´f pxq| ≤ Cω 2 pf, δ n pxqq`ωˆf, α´βx rns q`β q˙. This completes the proof of the theorem. Definition 3. By H x 2 r0, 8q we denote the set of all functions f defined on the positive real axis and satisfying the condition |f pxq| ≤ m f p1`x 2 q, where m f is a constant depending only on f . By C x 2 r0, 8q, we mean the subspace of all continuous functions belonging to H x 2 r0, 8q. Also, suppose that Cx 2 r0, 8q denote the subspace of all functions f P C x 2 r0, 8q, for which lim xÑ8 f pxq 1`x 2 is finite. The norm on the class Cx 2 r0, 8q is defined as
The modulus of continuity of f on the closed interval r0, as, a ą 0 is given as ω a pf, δq " sup |t´x|≤δ sup x,tPr0,as |f ptq´f pxq|.
Observe that for every function f P C x 2 r0, 8q, the modulus of continuity ω a pf, δq tends to zero.
The following estimate is in terms of weighted approximation.
Theorem 2. Suppose that q " q n satisfies 0 ă q n ă 1 and let q n Ñ 1 as n Ñ 8 for each f P Cx 2 r0, 8q, we have lim nÑ8 }D qn n,α,β pf, xq´f pxq} x 2 " 0.
Proof. If we use the theorem in [12] , we observe that it is sufficient to verify the following three conditions Since D qn n,α,β p1, xq " 1, (2.5) holds for ν " 0. This completes the proof of theorem.
